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Role of Eigenvectors in Aircraft Dynamics Optimization

Giovanni Mengali¤

University of Pisa, 56122 Pisa, Italy

A multiobjective strategy to optimize aircraft � ight dynamics is presented. Instead of using a classical approach
where systematic methodologies are scarce to de� ne a suitable con� guration, a two-step procedure is proposed
to guide the designer through an eigenstructure-assignment-based control law. First, an ideal model is found by
means of a multiobjective optimization strategy that includes constraints both on eigenvalues and eigenvectors.
The problem is solved through a hybrid procedure that combines genetic algorithmswith deterministic local search
methods. Second, the ideal model is approximated with a variable structure control system to improve the control
system robustness. A comparison is shown with examples taken from the literature, where the effectiveness of the
proposed methodology is demonstrated.

Introduction

B ECAUSE of physical convenienceand mathematical tractabil-
ity, the de� nition of a suitable aircraft eigenstructurehas often

attracted researchers as a natural means to obtain desired � ight dy-
namics behaviors.Eigenstructure-basedcontrol laws also havebeen
successfullyemployed in real � ight control systems, for instance, in
the lateral stability augmentation system of Airbus A320 (Ref. 1).

Eigenstructure assignment by means of state or output feedback
control has greatly evolved, especially over the last two decades,
after Moore2 � rst pointed out the full-state feedback power in com-
pletely specifying the closed loop eigenvalues and partially assign-
ing the correspondingeigenvectors.Since then, numerous methods
and algorithms have been developed to exploit those degrees of
freedom fully and to guarantee good system performance. In the
aerospace � eld, a considerable number of papers have focused on
different aspects of the problem, either trying to improve the per-
formance of the closed-loop dynamics or to minimize the required
control effort.3¡8 Both of these con� icting design objectives play
a fundamental role in aircraft dynamics optimization. Therefore,
a tradeoff strategy must be suitably selected, and a multiobjective
eigenstructureassignment problem arises naturally.

The concept of a generic multiple objective control problem that
involves different types of performance indices is an old and very
interesting idea. Most of the available literature concerning mul-
tiobjective eigenstructure assignment is dedicated to the problem
of combining performance selection with system robustness. This
problem has been studied from several different viewpoints: by or-
thogonalizingthe eigenvectors9 and by using the H1 norm,10;11 the
structured singular value,12 and/or eigenvalue sensitivity.13;14 All
of these different methodologies have a common denominator, in
that they are faced with the problem of how to change the design
speci� cations to provide adequate stability robustness to the result-
ing feedback system. This is possible because, in most cases, the
designer has a certain degree of freedom in making choices. For
instance, according to � ying qualities criteria, requirements are of-
ten given in terms of desired regionsof the closed-loopeigenvalues
and acceptable sets of eigenvectorsshapes. However, while robust-
ness is increased, the designer’s degrees of freedom are reduced
with serious consequences on the system performance. Following
this line of reasoning, in a previous paper15 we proposed a method-
ology that allows optimal selection of the eigensystem and, at the
same time, to limit the maximum input demand on the control sur-
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faces. Robustness considerations have been implicitly taken into
account by formulating the problem in a linear quadratic frame-
work. In that paper, the optimal solution is found by minimizing a
quadratic performance index through gradient information on the
objective function and constraints. Although excellent results have
been obtained, in some cases it may be interestingto expand the de-
signer’s � exibility by choosing a more general performance index
and including the eigenvectors in the optimization process. It turns
out that performance improvements may be obtained by allowing
eigenvectors to “vary” within speci� ed constraints, instead of forc-
ing them to assume prescribed values. This is an important point
that has been overlooked in the available literature and is one of
the contributionsof the present paper. It should be clear that in this
new context, a suitable optimization strategy must be used and the
system robustness must be guaranteed. The � rst point is addressed
with a hybrid procedure that combines genetic algorithms with de-
terministic local search methods. The second point is approached
by designinga variable structurecontrol (VSC) system that approx-
imates the results of the optimization process and “recovers” the
system robustness.

In recent years VSC systems with sliding modes have been pro-
posed for many differentaircraftand helicoptercon� gurations.16¡19

VSC methodology is particularlyinterestingbecause the motion on
the sliding surface is insensitive to plant parameter variations and
external disturbancesand is formally equivalent to an unforcedsys-
tem of lower order. In other words, VSC may be represented as a
discontinuous controller that switches across a sliding surface in
the state space. This surface attracts the system trajectory and the
subsequentmotion is constrained to remain in the sliding subspace.

In most cases the systemundercontrolis linear (at least in a neigh-
borhood of the equilibrium condition), and the sliding surface is
chosen to be an hyperplane.Under these assumptions the switching
surfacedesignproblemcanbe translatedintoa designprocedurethat
prescribesa linear full state feedbackcontrollerfor a linear dynamic
system.For these reasons, there are close connectionsbetween VSC
systems and eigenstructureassignmentprocedures.However, a pro-
found gap still exists between these two design techniquesbecause,
to date, no systematic approachhas been proposed to combine VSC
and eigenstructuredesign effectively. Indeed, in the available VSC
literature,the sliding surface is typicallydesignedregardlessof how
an eigensystem has been selected, and in particular, the eigensys-
tem is usually chosen as one of the in� nite acceptable con� gura-
tions. Actually, important system improvements may be obtained
by carefully combining VSC design and eigenstructureassignment
methodologies.This claim will be apparent in the next sectionsand
represents another important contributionof the present paper.

System Model and Eigenstructure Assignment
The aircraftdynamicsare describedby the following linear, time-

invariant system:

Px D Ax C Bu (1)
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y D Cx (2)

wherex 2 Rn is thevectorcontainingthe statesof the system,u 2 Rm

is the control input vector, y 2 Rp is the vector of output signals,
A 2 Rn £ n , B 2 Rn £ m , and C 2 Rp £ n . In the following we assume
that 1) p > m, 2) the system is controllable and observable, and
3) the matrices B and C are of full rank.

Our aim is to � nd a suitable control law, in the form

u D K y (3)

where K is an m £ p matrix, in such a way that the closed-loop
system has a prescribed set of eigenvalues f¸d

i g and corresponding
eigenvectorsfvd

i g. Eigenvalue/eigenvector pairs are solutions of the
following equation:

.A C BK C/vi D ¸i vi (4)

Actually, the closed-loop eigensystemcannot be completely speci-
� ed. Instead, it is well known20 that p closed loop eigenvalues can
be arbitrarily assigned with m components of the corresponding
eigenvectors.Accordingly, we assume that

¸d
i D ¸i ; i D 1; : : : ; p (5)

Because not all of the components of a desired eigenvector vd
i may

be assigned, it is useful to de� ne a reordering operator f¢gRi as
follows21:

fvd
i gRi D

µ
ld
i

di

¶
(6)

where ld
i and di are vectors of speci� ed and unspeci�ed components

of vd
i . When

L i
4D .¸i I ¡ A/¡1 B (7)

it has been shown by Andry et al.21 that an achievable eigenvectors
va

i is given by

va
i D L i

QL†
i ldi (8)

where the superscript dagger denotes the pseudoinverse and QL i is
obtained by applying the reordering operator to L i , that is,

fL i gRi D
µ QL i

Di

¶
(9)

When

V
4D

£
va

1 ; : : : ; va
p

¤
(10)

3
4D diag.¸1; : : : ; ¸p/ (11)

the control matrix K is obtained as

K D B†.V 3 ¡ AV /.CV /¡1 (12)

Note that the algorithm could be slightly modi� ed to deal with
noninvertiblematrices.7;21

Problem Statement and Solution
From an engineering standpoint, a complete closed-loop eigen-

structure assignment is neither possible nor practical. Accordingly,
we consider the problem of assigning r entries of the eigenvector
matrix V and p eigenvalues.To this end,we � rst arrangethose p C r
entries in a vector z and de� ne

z
4D

µ
z¸

zv

¶
(13)

where

z¸ D
£
z¸1 ; : : : ; z¸p

¤T
; zv D

£
zv1 ; : : : ; zvr

¤T
(14)

In particular,as long as complexeigenvaluesare concerned,we con-
sider their natural frequency! and damping ratio ³ . To improve the
numerical accuracy of the optimization algorithm (to be described
next), the componentsof vectorz havebeennormalizedwith the cor-
responding maximum allowable value. For instance, when z¸i and
zvi are the generic entries of z, complex eigenvaluesare arranged as

z¸i D !i

¯
!max

i (15)

z¸i C 1 D ³i (16)

and real (negative) eigenvalues are treated as

z¸i D ¸i

¯
¸min

i (17)

Also, it is assumed that eigenvectors have been normalized to 1 so
that jzvi j · 1. The optimal control law, whose structure is given by
Eq. (3), is obtainedby minimizing a nonnegativefunctional J in the
form

J D min
z

max
t

f .z; t/ (18)

subject to

zmin
i · zi · zmax

i ; i D 1; : : : ; r C p (19)

The choice of an adequate functional is obviously problem depen-
dent and plays a crucial role in obtaining good results. In a previous
paper,15 we used a linear quadratic functional. In this case, we gen-
eralize the approach by introducing a more intuitive and � exible
functional and a consequent new procedure for its minimization.
We assume that

f .z; t/ D
X

i

j yi .t/j
Wyi

C
kK k
WK

(20)

where yi is the i th componentof theoutputvectorde� nedbyEq. (2),
k ¢ k represents the Euclidean norm, and Wyi and WK are suitable
weights. Note that yi and K are related to z throughEqs. (1–4), (12),
and (13).

A few remarks are in order. The summation term in Eq. (20) al-
lows one to penalize the peak values of the output components.The
last term, instead, is closely related to the required control effort.
Also, note that the solution of the optimum J is not simple because
the problem is not convex and is characterized by the presence of
several localminima. In this context,an importantdrawbackof clas-
sical gradient-basedmethods is their strong dependence on the ini-
tial con� guration. Indeed, they generally stall in the local minimum
closest to the starting point. To overcome this obstacle, stochastic
global search techniques, not requiring the use of gradients, have
been considered.In particular, genetic algorithms (GAs), which are
basedon an imitationof the elitist reproductionprocessof biological
evolution (Goldberg22), appear particularly attractive in a complex
context due to their robustness. Indeed, GAs can explore the entire
allowable space, even if it is nonconvexor disjointed,and thus, they
escape from local minima to search for a global solution. Gener-
ally speaking, evolutionaryalgorithms as GAs require a large num-
ber of objective function evaluations: Accordingly, the high time-
consumingcomputationaleffort is an importantlimitation.Actually,
the lack of supplementary information about the derivatives (which
is characteristic of GAs) does not permit a fast convergence in the
nearness of the optimum. To improve the computational ef� ciency,
several routescan be followed, for instance,couplingGAs with neu-
ral networks23 or using them in parallelcomputer architectures.24 In
ourcase, a naturalchoice is to considera hybridprocedurethat com-
bines GAs with deterministic local search methods. In particular, in
this paper we use a two-stage strategy that splits the optimization
procedure in two steps: First, the genetic algorithms explore a large
search space and localize the global optimum region. Then a deter-
ministic gradient-basedmethod is employed to accuratelyreach the
optimum. More complex hybridization have also been developed
(for instance, Dulikravich et al.,25 where four different optimizers
are used), but the described choice seems to offer a good tradeoff
between reliability and complexity. Its effectivenessis shown in the
example discussed in the next section.



342 MENGALI

Case Study: Pitch Pointing Control System Design
To better explain the methodology, we consider the design of a

pitch pointing � ight control system. For comparative purposes in
what follows we use an example originally proposed by Sobel and
Shapiro.26 The plant under considerationis the short-periodapprox-
imationof an AFTI/F-16 model. The � ight conditioncorrespondsto
an altitude h D 3000 ft and a Mach number M D 0:6. The equations
of motion are in the form of Eqs. (1) and (2) with

x D [® q ° ±e ± f ]
T (21)

u D
£
±ec ± fc

¤T
(22)

y D [q nz ° ±e ± f ]
T (23)

where ® is the angle of attack, q is the pitch rate, ° is the � ight-path
angle, ±e and ± f are elevator and � aperon de� ections, ±ec and ± fc
are elevator and � aperon command de� ections,and nz is the normal
accelerationat the pilot’s station.Matrices A; B , and C are reported
in Appendixalongwith open-loopeigenvalues.Note that the system
is unstable due to the presence of an unstable short-periodmode.

In pitch pointing control design, the objective is to allow pitch
attitude control while maintaining constant � ight-path angle. This
can be accomplished by a suitable choice of eigenvectors: In par-
ticular it is important to decouple the short period and � ight-path
mode. This, in turn, implies that pitch rate and � ight-path angle
eigenvectorsshould be near orthogonal.

We � rst note that the system at hand is both controllable and ob-
servable, and because there are � ve outputs and two control inputs,
it is possible to assign all of the closed-loop poles (indeed p D n)
and two entries of each correspondingeigenvector.20

The approach by Sobel and Shapiro26 consists of assigning the
exact position of the closed-loop poles and the desired “shape” of
closed-loopeigenvectors.With the � ying the qualities requirements
in mind, they choose the following vector ¸c of closed-loop pole
locations:

¸c D [¡5:6 § j 4:2 ¡1:0 ¡19:0 ¡19:5]T (24)

Note that the complex poles correspondto a short-periodmode with
natural frequencyand dampingratio equal to 7 rad/s and 0.8, respec-
tively. The third pole represents the pitch-attitudemode, and the last
two eigenvalues are elevator and � aperon modes. Some entries of
the desired eigenvectors are also exactly speci� ed, and the corre-
sponding matrix gain K of closed-loop control law is evaluated ac-
cording to the already summarized methodology [see Eqs. (3–12)].
In their example, an exact decoupling between short-period and
� ight-path mode is obtained with the following desired eigenvector
matrix:

Vd D

2

66664

1 ¤ 0 ¤ ¤
¤ 1 0 ¤ ¤
0 0 1 ¤ ¤
¤ ¤ ¤ 1 ¤
¤ ¤ ¤ ¤ 1

3

77775
(25)

where the asterisk refers to an unspeci� ed component.Note that the
� rst two columns of Vd represent real and imaginary parts of the
short-period (complex) mode.

The major problemwith this procedureis that the designerhas no
guidelineswhen a modi� cationof choices is necessary,for instance,
if an unacceptable input demand is required. Also, information is
not easily available to quantify how good the design is or if a better
solution exists.

For these reasons, in the present paper we propose a different ap-
proach. First, recall that � ying quality requirementsdo not force an
exact pole location, but, rather, they allow one to select the closed-
loop eigenvalues by means of constraints in the form of Eq. (19).
More precisely, zi is in the form of Eq. (15) and (16) or (17) accord-
ing to whether theeigenvalueis complexor real.Also, theassignable
eigenvectorentriesdo not need to be preciselyde� ned: It is possible,
for instance,de� ne “to what extent” pitch rate and � ight-path angle

eigenvectors are orthogonal by allowing their values to vary within
prescribed limits [once again in the form of Eq. (19)]. This suggests
substituting the desired Vd matrix of Eq. (25) with the following
one:

QVd D

2

66664

zv1 zv3 zv5 ¤ ¤
¤ ¤ zv6 ¤ ¤

zv2 zv4 ¤ ¤ ¤
¤ ¤ ¤ 1 ¤
¤ ¤ ¤ ¤ 1

3

77775
(26)

where jzv1 j and jzv3 j should be “big” (near unity) and the others
(jzv2 j; jzv4 j; jzv5 j, and jzv6 j) should be “small” (near zero). Note that
no more than two entries of each eigenvector have been speci� ed
because there are only two control inputs.

With these preliminaries, the control law is obtained by solving
Eqs. (18) and (19). In this case the functionalto minimize is assumed
to be

f .z; t/ D
j° .t/j
W°

C
j±e.t/j
W±e

C
j± f .t/j
W± f

C
kK k
WK

C
j±e.t/ ¡ ± f .t/j

Wd

(27)

Note that weighting ±e and ± f peaks (by means of W±e and W± f )
and suitablychoosing WK allows one to take the requiredcommand
energy under control. Also, the last term in Eq. (27) has been in-
troduced to “equalize” the control effort of elevator and � aperon.
Indeed, it is physically clear that the two control inputs must rotate
in opposite directions to achieve good pitch pointing behavior of
aircraft.

Although pitchpointingdesign is our primary objective,different
strategies may be used to guide the designer in the selection of the
weights in Eq. (27). Here we consider the following two cases:

1) The solution should favor the minimization of control effort.
2) The solutionshould favor the minimizationof � ight-pathangle

while allowing pitch attitude control.
For both cases, the same constraints on eigenvectors are
0:1 · z1 · 1, ¡0:01· z2 · 0:01, ¡1 · z3 · ¡0:1, ¡0:01· z4 ·
0:01, ¡0:1 · z5 · 0:1, and ¡0:1 · z6 · 0:1. The constraints on
eigenvalues for both cases are shown in Table 1. The weights used
in Eq. (27) are shown in Table 2. Note that cases 1 and 2 simply
differ in the value of W° . The results obtained from Eq. (27) are
summarized in Tables 3 and 4. Figures 1 and 2 show simulation
results.

The tradeoff between pitch pointing effectivenessand input con-
trol effort is apparent.

In case 1 a lesser pitch pointing effectiveness (with respect to
Sobel and Shapiro26) is compensatedby a signi� cant saving of input
controldemand. In particular,the � aperon peak is reducedby nearly
70% with a concurrentsubstantialdecreasein the norm of the matrix
gain. Note that the the maximum absolute value of elevator and
� aperon peak values are near identical.

In case 2, on the other hand, the maximum peak of � ight-path
angle is reduced at the cost of an increase of elevator and � aperon
de� ection.

The two cases are representative of different design strategies
and clearly demonstrate the � exibility of the proposed methodol-
ogy. Note that in a standard eigenstructureassignment problem the

Table 1 Eigenvalue constraints

Mode Constraint

Short period 3 · ! · 10 0:35 · ³ · 1
Pitch attitude ¡5 · ¸ · ¡1
Elevator ¡20 · ¸ · ¡18
Flaperon ¡20 · ¸ · ¡18

Table 2 Weights used in the optimization process

Case W° W±e W± f WK Wd

1 0.01 0.5 0.5 10 0.1
2 0.01/30 0.5 0.5 10 0.1
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Table 3 Closed loop eigenvalues and corresponding gain matrices compared to Sobel and Shapiro26

Case Eigenvalues Gain matrix K

Sobel and Shapiro26 [¡5:6 § j 4:2 ¡1.0 ¡19.0 ¡19.5]

µ
¡0:931 ¡0:149 ¡3:25 ¡0:153 0:747

0:954 0:210 6:10 0:537 ¡1:04

¶

1 [¡9:04 § j 0:33 ¡1:0 ¡20:0 ¡18:0]

µ
1:456 0:194 2:786 ¡0:093 ¡1:018

¡1:588 ¡0:196 ¡4:521 0:201 1:111

¶

2 [¡9:99 § j 0:12 ¡1:69 ¡18:0 ¡20:0]

µ
1:778 0:220 ¡2:931 ¡0:282 ¡1:228

¡3:603 ¡0:468 ¡1:929 0:559 2:495

¶

Table 4 Comparison between norms of K matrix and peak
values (in degrees) of elevator, � aperon, and � ight-path

angle, relative to an initial angle of attack of 1 deg

Case kK k ±e ± f °

Sobel and Shapiro26 7.17 4.62 ¡7:67 0.06
1 5.92 4.45 ¡4:49 0.24
2 4.99 5.24 ¡10:58 0.036

Fig. 1 Comparison between time histories of closed-loop systems rel-
ative to an initial angle of attack of 1 deg: ——, case 1 and –¢–¢, Sobel
and Shapiro.26

Fig. 2 Comparison between time histories of closed-loop systems rel-
ative to an initial angle of attack of 1 deg: ——, case 2 and –¢–¢, Sobel
and Shapiro.26

Fig. 3 Comparison between time histories of closed loop systems rel-
ative to an initial angle of attack of 1 deg: ——, case 2; –¢–¢, Sobel and
Shapiro26; and – – – , case 3.

designeris “blind”with respect to the results.How a differentchoice
of the desired eigenvalues and eigenvectorswill affect the � nal de-
sign cannot be predicted. The two case studies indicate that the
main differencesand advantagesof the proposedmethodologymay
be summarized in three points. First, the con� icting requirements
between pitch pointing effectiveness and input demand effort are
met by a suitable choice of the weights in the functional. Second,
the designer has a quantitative information about the limits of per-
formanceof thecontrollerand can establishif and how to modify the
design. Third, the role of the eigenvectors is fully exploited. These
three points are of a fundamental nature and are valid in a generic
eigenstructure assignment problem. From this viewpoint, the two
case studies give important information about the potential of the
approach when compared to a classical design.

At this point one may wonder about the relative importanceof an
optimal choice of eigenvectors. To obtain meaningful results, it is
useful to compare the reference case (by Sobel and Shapiro26) with
case 2 and with an intermediate design (referred to as case 3 in the
sequel).The latter differs from the referencecase only for the choice
of eigenvectors.More precisely, in case 3 the optimization process
is performed assuming the same eigenvalues of the reference case
and only optimizing the eigenvectors. (Note that the weights used
in Eq. (27) are those of case 2). The simulation results are shown in
Fig. 3. Note that eigenvector optimization may produce signi� cant
improvements over the reference design. (Indeed, the peak value of
� ight-path angle is reduced by nearly 40% in case 3 as compared to
the design of Sobel and Shapiro.26

Sliding Mode Control
In the preceding sections a methodology has been described to

obtain easily an optimal control law from the viewpoint of aircraft
dynamic response. An important question is the robustness of the
resulting design against parameter variations, model uncertainties,
etc. Instead of sacri� cing some degree of freedom to include the
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robustness issue into the design process, we propose using a VSC
system that approximates the result of the optimization process. In
this way, the optimized model may be considered as an ideal refer-
ence model, and the VSC system is used to recover its robustness.
To this end, referring to the aircraft dynamics described in Eq. (1),
consider the switching function

s.t/ D Sx.t/ (28)

where S 2 Rm £ n is a full rank matrix, and de� ne the switching
hyperplane Sx D 0. A sliding motion takes place on the hyperplane
provided there exists a time ts , for all t ¸ ts such that

s.t/ D Sx.t/ D 0 (29)

Under the assumption that SB is nonsingular, it can be shown27

that the sliding motion results in a control independent free motion
described by

Px D [I ¡ B.SB/¡1S]Ax D OAx (30)

The sliding motion is of reduced order and, indeed, matrix OA has at
most n ¡ m nonzero eigenvalues.Accordingly, an .n ¡ m/th-order
set of equations describing the sliding motion is obtained by elimi-
nating m state variables through Eq. (29). Following Zinober,27 this
is accomplished through the transformation

w D
µ

w1

w2

¶
D T x (31)

where w1 2 Rn ¡ m , w2 2 Rm , and T 2 Rn £ n is an orthogonal matrix
such that

T B D
µ

0

B2

¶
(32)

T AT T D
µ

A11 A12

A21 A22

¶
(33)

ST T D [S1 S2] (34)

with B2 2 Rm £ m , S1 2 Rm £ .n ¡ m/ , and S2 2 Rm £ m .
The nominal system (1) is equivalent to

Pw1 D A11w1 C A12w2 (35)

Pw2 D A21w1 C A22w2 C B2u (36)

During a sliding motion, for all t ¸ ts , Eq. (29) gives

S1w1.t/ C S2w2.t/ D 0 (37)

from which, assuming that S2 is nonsingular, one has

w2 D ¡S¡1
2 S1w1 (38)

Finally, when

K S
4D S¡1

2 S1 (39)

the motion of the .n ¡ m/th-order system is

Pw1 D .A11 ¡ A12 KS/w1 (40)

This result implies that the hyperplanedesign is equivalent to a state
feedback control problem for the system (35) where w2.t/ plays the
role of the control vector.

Note that the switching function is known as soon as K S is found.
Several techniques have been proposed for the design of the feed-
back matrix. A particularlyuseful approach involves the minimiza-
tion of a quadratic performance index, in the form28

JS D
1

2

Z 1

ts

xT .t/Qx.t/ dt (41)

where Q is a symmetric and positive de� nite matrix. Applying the
transformation (31), one has

T QT T 4D
µ

Q11 Q12

QT
12 Q22

¶
(42)

and Eq. (41) is equivalent to

JS D 1

2

Z 1

ts

¡
wT

1 Q11w1 C 2wT
1 Q12w2 C wT

2 Q22w2

¢
dt (43)

Standard software is available to minimize JS (e.g., the MATLAB®

function lqr). In particular, the optimal gain KS , where the feedback
control law

w2 D ¡KSw1 (44)

minimizes Eq. (43) subject to system (35), is found to be29

KS D Q¡1
22

¡
AT

12 P C QT
12

¢
(45)

where P is the solution of the algebraic Riccati equation

AT
11 P C P A11 ¡.P A12 CQ12/Q¡1

22

¡
AT

12 P C QT
12

¢
CQ11 D 0 (46)

To summarize, thechoiceof a matrix Q impliesa correspondingdef-
inition of the switching hyperplane.Many different VSC structures
exist in the literature,but in the following we consider the so called
“unit vector” approach. Details are omitted here, and the interested
reader is referred to Edwards and Spurgeon.30 Essentially, the con-
trol law triggering the sliding motion comprises a linear component
ul .t/ and a nonlinear component un.t/, that is,

u.t/ D ul .t/ C un.t/ (47)

In particular, the linear component is the solution of

ul .t/ D ¡.SB/¡1.S A ¡ 8S/x.t/ (48)

where 8 2 Rm £ m is any stable design matrix. Also, for s.t/ 6D 0,

un.t/ D ¡½.S B/¡1[Rs.t/=kRs.t/k] (49)

where R 2 Rm £ m is a symmetric positive de� nite matrix satisfying
the Lyapunov equation,

R8 C 8T R D ¡I (50)

and thepositivescalar½ dependsonlyon the magnitudeof themodel
uncertainty. This control law guarantees that the switching surface
is reached in a � nite time, and once the sliding motion is attained,
it is independent of the uncertainty. A detailed description of the
design methodology is given in the next section.

Case Study: Pitch Pointing Control Revisited
To apply the VSC design methodologywe need to choose a refer-

ence model. Suppose an optimal aircraft dynamics model has been
found according to the guidelines of the pitch pointing control ex-
ample. It is natural to consider the optimizedmodel as the reference
one. In particular,in the followingwe adopt theearlierde� ned case 1
as the ideal reference model. From the preceding discussion, it is
clear that the reference model is the output of the optimizationpro-
cess and is the result of the designer’s choices in terms of con� icting
requirements. In this context, case 1 is used as a possible reference
design to validate the proposed approach.

According to the VSC methodology, we essentially need to
choose the Q matrix only. In otherwords, the matrix8 [see Eq. (48)]
and the scalar ½ are taken � xed, and to simplify the problem, Q is
takendiagonal.Because8 is strictlyconnectedto the actuatorband-
width we assume that

8 D ¡
µ

20 0

0 20

¶
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Fig. 4 Comparison between time histories of closed-loop systems rela-
tive to an initial angle of attack of 1 deg: ——, sliding mode control and
–¢–¢, case 1.

Fig. 5 Nonlinearpart of the control lawun(t), showing the slidingmode
engagement.

and that ½ D 1. The choice of matrix Q is easily accomplished by
“forcing” the aircraft dynamics, controlled through Eq. (47), to fol-
low the ideal model. This problem, in turn, is solved by minimizing
the functional

JQ D
Z T

0

.° ¡ °m /2 dt (51)

where ° and °m represent the actual and ideal (model-based)� ight-
path angle and T is a simulation time on the orderof the closed-loop
dominant pole of the system. A simple GA is suf� cient to solve the
preceding problem with reasonable approximation.The result is

Q D diag.40 1 450 50 16/ (52)

where diag ( ¢ ) means a diagonal matrix. With this choice, the VSC
law is completelyde� ned, and a comparisonwith the ideal reference
model may be established through simulation. This has been done,
and the results are shown in Fig. 4. Note that the VSC-based simu-
lation closely follows that of the ideal design, thus indicatinga good
approximation with the reference case. Other interesting informa-
tion is given by the time that the VSC system needs before a sliding
motion takes place. This may be obtained by considering when the
nonlinear part un.t/ of the control law is negligible.Figure 5 shows
that the slidingmotion takesplacein near0.35 s. This is a suf� ciently
fast dynamics when compared to that of the aircraft.

Conclusions
Eigenstructure assignment is a powerful and physically signi� -

cant way to optimize easily aircraft � ight dynamics. In this paper,
a new and consistent methodology has been described to guide the
designer toward the synthesis of the control law. Basically, the pro-
posed approach is divided in two separate steps.

First an optimal design (from the viewpoint of control matrix
gains) is obtained by solving a multiobjective minimax problem.

Although the problem is not convex, good results are obtained by
means of a hybrid procedure combining GAs with deterministic
local search methods. In this � rst phase, the designer speci� es goals
and constraintsas a set ofwell-de� ned computationalcriteria,taking
into accountthe variouscon� ictingdesignobjectives.These include
� ight and/or ride qualities criteria, maximum de� ection and rate of
de� ection of the input commands, bandwidth, etc.

Second, the design robustness is recovered by means of a VSC
system. Note that the two steps are strictly connected because the
optimizedmodel is used as a referenceduring the designof the VSC
system.

Various advantages of the proposed approach over existing
methodologies are as follows:

1) The designer easily gets a reference model from which useful
information is derived to quantify the quality of different control
laws.

2) Physically intuitive rules guide the designer in choosing the
weights that ultimately de� ne the optimal con� guration.

3) The maximum allowed degree of freedom is obtained,and the
fundamental role of eigenvectors is fully exploited.

4) A systematic guide is established to the design of the VSC
system.
The whole methodology is simple to handle and may be effectively
used to provide the designer with quick and effective solutions.
A detailed case study has been presented to validate the proposed
approach.

Appendix: Aircraft Data
The open-loop aircraft dynamics are described by Eqs. (1) and

(2), where matrices A; B and C are given by

A D

2

66664

¡1:341 0:9933 0 ¡0:1689 ¡0:2518

43:223 ¡0:8693 0 ¡17:251 ¡1:5766

1:341 0:0067 0 0:1689 0:2518

0 0 0 ¡20 0

0 0 0 0 ¡20

3

77775

B D

2

66664

0 0

0 0

0 0

20 0

0 20

3

77775

C D

2

66664

0 1 0 0 0

47:76 ¡0:268 0 ¡4:56 4:45

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

3

77775

Open-loop poles (eigenvaluesof matrix A) are as follows.
Unstable short-periodmode:

¸1 D ¡7:662; ¸2 D 5:452

Pitch-attitude mode:

¸3 D 0

Elevator-actuatormode:

¸4 D ¡20

Flaperon-actuatormode:

¸5 D ¡20
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